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Abstrat
The main issue of this work onsists in extrating one or several nite
values for the sum of series involved in perturbation theories. It is sup-
posed to work for all ases in whih two physial parameters are involved,
and makes thorough use of dimensional arguments onerning these phys-
ial quantities. Weak and strong oupling expansions are onsidered as
the two faes of a formal expression whih is the entral objet of this
method. This so-alled extension proedure is systemati. We apply it
here to the divergent perturbative expansion of the ground state energy
of the anharmoni osillator of quantum mehanis in zero and one di-
mension, and provide, given a p-order divergent expansion, an analytial
expression of its estimated sum. This method whih is inspired by vari-
ational proedures provides high degree of auray from lower orders of
perturbation and seems to have remarkable onverge properties in a wide
lass of expansions onerning physial observables.
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I. Introdution
The problem of divergent series has long time been a big onern, espeially for
physiists dealing with perturbative methods. In many ases, the divergene of a
perturbative expansion arises when the solution of the free part of an equation is
too "remote" from the exat solution. The hoie of this free part is theoretially
quite open but is atually restrained by the omputability of the free solution,
together with its perturbative orretions.
When the series onverges, the auray on the result only depends on our
ability to ompute high order perturbation orretions. Moreover, the onver-
gene of the series and the fat that the suessive approximations tend to the
right result, might be guaranteed by mathematial theorems.
When the series diverges, the problem faed by the physiists is one of dealing
with an apparently worthless result (the trunated series), despite the fat that
physial arguments might ensure us that this series atually orresponds to a
known nite number. The sienti literature is rih of various methods to
treat this situation: padé approximants [1], variational methods [2, 3, 4], delta
expansion [5, 6] with priniple of minimal sensitivity [7] or multiple sale analysis
[8].
When faing the situation, one an note the following points:
1. While dealing with a physial problem, quantities with physial dimen-
sions are involved, and as a perturbative series expands in powers of a
dimensionless parameter, there is a rst onstraint on the way physial
quantities enter this dimensionless parameter. There is also a seond on-
straint regarding the dimension of the physial quantity expanded itself.
2. When approximating a physial quantity in powers of the oupling on-
stant, we sometimes know a strong oupling expansion (in negative powers
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of the oupling onstant) to exist, even if it is not omputable.
These two points are entral in the way I propose to deal with a lass of
physial problems involving two physial parameters. The existene of only two
physial parameters leads to a unique way to build up a dimensionless parameter
g (say, the oupling onstant).
In the ases where the expression of a physial quantity in term of the physi-
al parameters is not exatly solvable, we expet two dierent expansions of this
physial quantity in powers of the oupling onstant to exist, at least formally:
the weak oupling expansion (in positive powers of g) and the strong oupling
expansion (in negative powers of g). Standard perturbative method an give
us aess to the weak oupling expansion up to a ertain order p. The ase we
are interested in in this paper is the one when this expansion is divergent. The
neessary bakground for our original systemati method to work an now be
stated the following way:
the existene of a weak oupling expansion of E,
E(g) =
∞∑
N=0
EN g
N , (1)
and of a strong oupling expansion of E,
E˜(g) = g−α/δ
∞∑
N=0
E˜N g
−γN/δ, (2)
where E is a dimensionless funtion of the searhed physial quantity. The
parameters γ, α and δ are ruial ingredients in the orret writing of the srong
oupling expansion. Their values usually be obtained analysing the equation
obeyed by the E (see Simon [9] for suh a study on the energy of the anharmoni
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osillator of quantum mehanis). For our method to work on the alulation
of E , we thus need to know the following values:
• the EN oeients up to a ertain order p.
• γ, α and δ designed to be the smallest possible triplet of integers to sat-
isfying eq.(2). In the following, this triplet of integer values will be alled the
signature of E(g).
A good deal of literature has been devoted to variationnal methods using
priniple of minimal sensitivity, whih happen to be quite eient [3]. Some
other attempts to deal with divergent series through variationnal methods, mak-
ing lever use of the knowledge of the existene of a strong oupling expansion,
were suessful [10]. The new method we introdue is original in the way it
onsiders weak and strong oupling expansions as two faes of a single objet
alled an extension. Making use of the formal properties of extensions, one an
obtain a non-perurbative analytial estimate of E in term of the oupling on-
stant g, given its signature and a ertain amount of oeients of its divergent
expansion. Note that the method will also work as an aelerator of onvergene
for onvergent series.
The next setion will introdue the extension method for the trivial ase
where the signature is uniform (γ = α = δ = 1) so that extensions write as
expansions in all positive and negative integer powers of the oupling onstant.
The ompletion of the general method through the atual introdution of the
notion of signature is performed in the third setion.
The fourth setion is devoted to the detailed appliation of the method to two
spei ases. It is rst experiened on the divergent expansion of the zero
dimension anharmoni osillator. The mathematial homogeneity of the inte-
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grated exponential funtion allows us to onsider the integral itself as depending
on two parameters with physial dimensions. The extension method will happen
to reprodue the exat result from the rst order of perturbation. As e seond
example, the method is applied to the one dimensional anharmoni osillator of
quantum mehanis in the alulation of the ground state energy. It will show
a very remarkable agreement with the exat result for any value of the oupling
onstant.
II. Extensions of power series for uniform signa-
tures
In the simple ase where the signature is uniform (γ = α = δ = 1), the respetive
weak and strong oupling expansions of E in powers of a oupling onstant g
write:
E(g) =
∞∑
N=0
EN g
N
and E(g) = g−1
∞∑
N=0
E˜N g
−N .
We will onsider these two expansion as parts of a single extension. To do
so introdue suh formal sums as:
Z0 =
∞∑
n=−∞
Zn
Z1 =
∞∑
n=−∞
nZn
· · · = · · ·
Zi =
∞∑
n=−∞
n!
i!(n− i)!Z
n .
The manipulation of negative fatorials is made algebraially oherent introdu-
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ing (−1)! = Ω. For all oeients for whih Ω do not simplify, one let it go
to innity as detailed at the beginning of the third part. When Z is a given
omplex value out of the unit irle, these formal double innite series have the
property to be onvergent (resp. divergent) in the positive powers of Z (alled
its right part) and divergent (resp. onvergent) in the negative powers of Z
(alled its left part), depending on the modulus of Z.
Note that Zi an be expressed in term of Z0 using derivatives:
Zi =
1
i!
Zi(
d
dZ
)i Z0 . (3)
They also have the following formal property,
i ≥ 0, (1− Z)i+1 Zi ≡ 0 ,
from whih one an logially expet the left expansion's sum (l) to be in some
sense "opposite" to the right one (r). The latter expetation an be easily
heked as long as one performs formal manipulations on power series without
any onsideration about their onvergene: Let us dene the linear appliations
r and l.
r(Zi) =
∞∑
n=0
n!
i!(n− i)! Z
n
l(Zi) =
−∞∑
n=−1
n!
i!(n− i)! Z
n.
The expression Zi/(1− Z)i+1, when formally expanded in powers of Z, results
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in r(Zi), and when expanded in powers of 1/Z, results in − l(Zi). We write:
r(Zi) ∼ Z
i
(1 − Z)i+1
l(Zi) ∼ − Z
i
(1 − Z)i+1 ,
making sense of our previous remark about r(Zi) and l(Zi) being 'opposite' to
eah other : r(Zi) ∼ − l(Zi).
In the following, we will ombine elements as Zi's to build a vetor spae. We
hope any polynomial to have natural extensions in this vetor spae.
Denitions:
• Let Ξp be the C-vetor spae of all polynomials with a lower than p degree:
A ∈ Ξp =⇒ A =
p∑
n=0
An Z
n
forAn ∈ C
• Let Ξp be the C-vetor spae generated by extensions Zi for i positive and
lower than p:
V ∈ Ξp =⇒ V =
p∑
i=0
V i Zi for V
i ∈ C
II.1. Extensions of a polynomial
An element of Ξp will be onsidered as an extension of a p-order polynomial if
its restrition to zero to p powers of Z identify to the given polynomial. We
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show now that this properly dened extension of a polynomial is unique.
Denition:
Let A and V be respetive vetors of Ξp and Ξp, then V , one expanded as:
V =
∞∑
n=−∞
Vn Z
n ,
is said to be a p-order extension of A if:
Vn = An for 0 ≤ n ≤ p .
Moreover, if V =
∑p
i=0 V
i Zi, from the denition of the Zi's, we have:
Vn =
p∑
i=0
n!
i!(n− i)!V
i .
We will now proeed to show that suh a p-extension of a given polynomial is
unique through the introdution of a spei linear mapping between Ξp and Ξp.
Theorem 1:
For given p, let ϕ and ϕ∗ be the following linear mappings:
ϕ : Ξp −→ Ξp
Zn 7−→ ∑pi=n i!n!(i−n)! (−1)n−iZi
ϕ∗ : Ξp −→ Ξp
Zi 7−→
∑p
n=i
n!
i!(n−i)!Z
n .
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Then ϕ and ϕ∗ are inverse linear mappings.
Proof:
ϕ∗(ϕ(Zn)) =
∑p
i=n
i!
n!(i−n)! (−1)n−iϕ∗(Zi)
=
∑p
i=n
∑p
k=i
k!
n!(i−n)!(k−i)! (−1)n−iZk
Using the following identity for k ≤ p, where δ is the Kroeneker symbol:
p∑
i=n
1
(i− n)!(k − i)! (−1)
n−i = δn,k ,
we prove that for 0 ≤ n ≤ p and 0 ≤ i ≤ p:
ϕ∗(ϕ(Zn)) = Zn and ϕ(ϕ∗(Zi)) = Zi .
>From the existene of the reversible mapping ϕ between Ξp and Ξp and
the fat that {Zn}0≤n≤p is a base of Ξp, it omes that {Zi}0≤i≤p is a base of Ξp.
Theorem 2:
Let A ∈ Ξp, then ϕ(A) ∈ Ξp is the only extension of A.
Proof:
Let us rst reall that:
Zi =
∞∑
n=−∞
n!
i!(n− i)!Z
n
ϕ∗(Zi) =
p∑
n=0
n!
i!(n− i)!Z
n ,
suh that by onstrution, for 0 ≤ i ≤ p, Zi is a p-order extension of ϕ∗(Zi).
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If now A =
∑p
n=0 An Z
n
, one an write ϕ(A) =
∑p
i=0 A
i Zi where:
Ai =
i∑
n=0
i!
n!(i− n)! (−1)
n−iAn . (4)
>From the reversibility of ϕ, one has ϕ(ϕ∗(A)) = A, and we an establish that:
A =
∑p
i=0 A
i ϕ∗(Zi)
ϕ(A) =
∑p
i=0 A
i Zi .
As Zi is an extension of ϕ
∗(Zi), it follows that ϕ(A) is an extension of A for
any A ∈ Ξp. The reversibility of ϕ guarantees the uniity of this extension.
Example:
For p = 2, let us nd the extension of the 2-degree polynomial:
A = 1 + 2Z + 3Z2 .
The oordinates of its seond order extension are given by the relation (4):
A0 = A0 = 1
A1 = −A0 +A1 = 1
A2 = A0 − 2A1 +A2 = 0 ,
so that:
• ϕ(A) = A0 Z0 +A1 Z1 is the extension of A; it also writes:
ϕ(A) =
∞∑
n=−∞
(n+ 1)Zn ,
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and is atually a seond order extension of A, as expeted.
• r(ϕ(A)) = r(Z0) + r(Z1) ∼ 1/(1−Z) +Z/(1−Z)2 = 1/(1−Z)2 is what one
ould reasonably expet as a sum for a divergent series behaving like A does for
lower orders.
Remark:
This example illustrates an important ase where the extension of a p-order
polynomial (in Ξp) atually belongs to Ξp−1, that is Ap = 0
The latter remark will be of great use in the following introdution of a
parameter in our method. It will also be veried as a test for the reliability of
the method in the example of appliation given in the fourth setion.
II.2. The introdution of a parameter: ω
We will show that the simple introdution of a omplex parameter ω allows us
to build as many Ξp vetor spaes whih means as many p-order extensions of
a given polynomial as non vanishing values for ω. There is then no reason why
restraining to the previous ω = 1 ase. At the end, the problem will just remain
to nd the most appropriate value of ω.
>From now, for a xed ω, Ξp and Ξp will be redened:
A ∈ Ξp =⇒ A =
p∑
n=0
An (ωZ)
n
forω ∈ C∗ andAn ∈ C
V ∈ Ξp =⇒ V =
p∑
i=0
V i (ωZ)i for ω ∈ C∗ andV i ∈ C
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where (ωZ)n = ωn Zn, and (ωZ)i is dened as follows,
(ωZ)i =
∑∞
n=−∞
n!
i!(n−i)! (ωZ)
n
ϕ now ats on vetors as (ωZ)n:
ϕ : Ξp −→ Ξp
(ωZ)n 7−→ ∑pi=n i!n!(i−n)! (−1)n−i (ωZ)i
Theorems 1 and 2 still hold as long as ω does not vanish and the method now
produes an extension ϕ(A) of A, depending on the value of ω:
A =
p∑
n=0
An Z
n =
p∑
n=0
An
ωn
(ωZ)n ,
ϕ(A) =
p∑
n=0
An
ωn
ϕ((ωZ)n) =
p∑
i=0
Ai(ω) (ωZ)i ,
where
Ai(ω) =
i∑
n=0
i!
n!(i − n)! (−1)
n−iAn
ωn
.
When trying to extend a given p-degree polynomial A, one now has to deal
with as many extensions as possible values for ω. The last remark of the preed-
ing setion suggests that we ould use this freedom on the value of the parameter
ω to make Ap(ω) vanish so that we ould just keep p-order extensions of A that
lie in Ξp−1. A
p(ω) being a p-degree polynomial in ω, one expets ω to take at
most p values (Ap(ω) = 0) so that a vetor of Ξp will have at most p dierent
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extensions. If ̟ is a root of Ap(ω), it solves:
Ap(̟) =
p∑
n=0
p!
n!(p− n)! (−1)
n−p An
̟n
= 0 , (5)
and the assoiated extension writes:
ϕ(A) =
p−1∑
i=0
Ai(̟) (̟Z)i . (6)
The problem now remains to hoose from all these extensions.
II.3. A riterion for the hoie: ω = ̟
The aim of this work is, given a divergent series up to order p, to obtain an
estimation of its omplete sum. Let us start with the method applied to the
(p − 1)-order. In order to establish a onvenient riterion for the hoie of the
better ω between the roots of Ap−1(ω), we will look for the one whih makes
the better predition for the forthoming term of the series: Ap.
To do so, let us suppose that Ap−1(ω) and Ap(ω) have a ommon root ̟, the
following properties ome:
• From the equation (6), the ̟-assoiated (p− 1)-order and p-order extensions
identify. As a onsequene, the forthoming term predited by the (p− 1)-order
extension is the exat value Ap.
• From the denition (5) of Ap(ω), one an establish the following relation:
d
dω
(ωpAp(ω)) = −p ωp−1Ap−1(ω) ,
so that if ̟ is a ommon root of Ap−1(ω) and Ap(ω), it has to be a double root
of Ap(ω).
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The goal is to ahieve the best estimate of the omplete sum of the series
through its extension at a nite order. It seems natural to be interested in
the ase where two suessive extensions (orders p − 1 and p) are equal, thus
at order p, double roots are our best andidate for the hoie of ̟. In the
absene of double roots, we deide to look for the losest ouple of roots - in
terms of distane in the omplex plane - and selet one of these. In doing so,
we expet our seleted root to be also lose to a root of the previous estimate.
As a onsequene, these two suessive extensions are hoped to be lose to eah
other. The appliations of the method in setion IV will orroborate, through
numerial observations, these general remarks.
III. Signature of series in physis
For the moment, to keep reasonable, one has to expet most of the series en-
ountered in physis not to t in this frame in the sense that the preditions for
the forthoming terms of a development are far from the right one (and that
the roots are far from eah other). Let us onsider for example suh a mist
expansion:
p∑
n=0
1
(n/2)!
Zn ,
whih expeted large order behaviour an obviously not be found as a ombina-
tion of the Zi's as dened. The fat that forthoming terms of suh a series will
be very badly predited by our method an also be pointed out when notiing
that an extension of this trunated series has to vanish for even and negative
values of n (as fatorials of negative integers diverge). The Zi's as dened an
obviously not satisfy suh a ondition. This setion will take into aount this
kind of diulty (now to be onsidered as a lue) when introduing the notion
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of signature relying on the knowledge we have of the form of the strong oupling
expansion.
Given a nite series of omplex numbers, we now have at our disposal a
method whih permits to extend it innitely together in positive and negative
powers of the oupling onstant Z. Moreover, the right and left parts of this
extension an be summed formally. Some of the series we are interested in are
haraterized by anellations of an innite set of oeients (e.g. An = 0 for
n even and negative. We shall later onentrate on how the ourrene of the
vanishing oeients is in related to the form of the strong oupling expansion.
Sine no ombination of the Zi's an reprodue this kind of behaviour, we ask
ourselves now what to do then when we know the expeted series to have suh
a typial property? In this paper, we shall onsider suh ases where the our-
rene of vanishing terms is regular. Let us rst onsider the following double
innite series where by onstrution all even and negative powers of the oupling
onstant do vanish:
T =
∞∑
n=−∞
TnZ
n
where Tn =
(−1− n)!((n− 1)/2)!
(−1)! (7)
As previously mentioned, it will be of great use to reonsider the denitions of
the fatorials in order to make sense with expressions as (−2)!/(−1)! = −1:
Denition:
• (n− 1)!n = n! for n ∈ Q∗,
• (−1)! = Ω is innitely large,
• n! = Γ(n+ 1) for n ∈ [0, 1] ∩Q.
The following properties ome:
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• n! (−1− n)! sin(nπ) = π for n ∈ Q and n /∈ Z,
• n! (−1− n)! (−1)n = Ω for n ∈ N.
Using these properties, the only non-vanishing terms of T are:
TN =
((N − 1)/2)!
N !
(−1)N and T−1−2N = (2N)!
N !
(−1)N for N ∈ N
When looking at the left part of T , these anellations are typial of what has
been alled the signature of T , as it points out all the vanishing terms of the
expansion it orresponds to.
Denitions:
• If T is suh that its non-vanishing terms are TδN and T−α−γN for N ∈ N, then
it will be said to have a γ|α|δ-signature. A typial example of this signature is
provided by:
Tn =
(−1− nδ )!(−1 + α+nγ )!
Ω
.
For a given signature, this T will be alled its assoiated transformation.
As a matter of example, the above series (7) has a 2|1|1-signature and the 1|1|1-
signature onsidered in the preeding setion was simply alled uniform.
• Let us now dene the multipliation T ∗A:
A =
∞∑
n=−∞
An Z
n ⇒ T ∗A =
∞∑
n=−∞
TnAn Z
n
then, if A has a uniform signature, T ∗ A will have a γ|α|δ-signature through
the ation of the transformation T .
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• If B is an extension of A, then T ∗B is a T -extension of T ∗A.
III.1. The ase of non-uniform signatures
As it is formatted to give rise to extensions with uniform signatures, the method
developed in the preeding setion obviously needs a few adjustment to t the
ases where the signature is known not to be uniform. Suppose we wish to
extend a polynomial B known to be assoiated to a non-uniform signature. The
method now onsists in removing its signature multiplying it by T−1, and let
it be extended (through the ation of ϕ) into an extension with uniform signa-
ture. Then, we just have to put bak the proper signature multiplying the result
by the assoiated transformation T . We thus make sure that the T -extension
obtained has the expeted signature (respeting the expeted vanishing terms),
and is atually a T -extension of the original polynomial.
If B is assoiated to a γ|α|δ-signature, then it expands in powers of Zδ in
the weak oupling limit and writes up to order p:
B =
p∑
n=0
Bδn Z
δn
Where the onnetion with equation (1) is obtained replaing g with Zδ. B an
then be rewritten T ∗ (T−1 ∗B) where T−1 ∗B an be assoiated to a uniform
signature:
T−1 ∗B =
p∑
n=0
T−1δn Bδn Z
δn
The extension of T−1 ∗ B an now be found using the method of the seond
setion. ϕ(T−1 ∗ B), its extension, will have a uniform signature. The latter
produt with T ensures us to reover the proper γ|α|δ-signature for the T -
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extension of B:
T ∗ ϕ(T−1 ∗B) is a T − extension of B
Denition:
In order to ahieve the previous manipulation ϕ and ϕ∗ have to be formally
updated in replaing Z by Zδ in their denitions so that they remain inverse
mappings. The formal expressions then arising are made expliit as follows:
(Zδ)n = Zδn and (Zδ)i =
∞∑
n=−∞
(n/δ)!
i! (n/δ − i)! Z
n
Using this proedure, we an now obtain the unique extension of any polynomial
given in addition to its oeients, its non-uniform signature.
Our goal is at the end to obtain a non-perturbative expression orresponding
to the physial quantity orresponding to B up to a nite order. To do so, we
just have to alulate the sum whether of the right part or of the left part of an
extension with a non-uniform signature. Both these sums will reveal to equate
up to a simple multipliative term. If one of them is onvergent, the other is
not and we will have to onsider this seond one as formal.
III.2. Summation
In the general ase of a γ|α|δ-signature, left and right parts of a T -extension B
of B write:
r(B) =
∞∑
N=0
BδN Z
δN
and l(B) =
∞∑
N=0
B−α−γN Z
−α−γN
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The p-order T -extension B writes T ∗A where T is the transformation assoiated
to its signature, and A = ϕ(T−1∗B) is a linear ombination of vetors ((ωZ)δ)i:
Tn =
(−1− nδ )!(−1 + α+nγ )!
Ω
A =
p−1∑
i=0
Ai(ω) ((ωZ)δ)i where ω satisesA
p(ω) = 0
Now reall from equation (3) a useful relation between extensions:
((ωZ)δ)i =
1
i!
Zδi(
d
dZδ
)i ((ωZ)δ)0 (8)
This property suggests to rewrite T ∗A as:
T ∗A =
p−1∑
i=0
Ai(ω)
1
i!
Zδi(
d
dZδ
)i
[
T ∗ ((ωZ)δ)0
]
(9)
Then, from the sums of T ∗ ((ωZ)δ)0, the sums of T ∗ A will follow for any
extension A. But as (Zδ)0 = Z0 and T ∗ Z0 = T , we simply have to sum the
left and right parts of T .
The summation of T :
l(T ) =
∑∞
N=0 T−α−γN Z
−α−γN =
∑∞
N=0(−1)N (−1+(α+γN)/δ)!N ! Z−α−γN
r(T ) =
∑∞
N=0 TδN Z
δN =
∑∞
N=0(−1)N (−1+(α+δN)/γ)!N ! ZδN
Let us now introdue integral expressions for frational fatorials where N and
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ν are respetively positive and non zero positive integers:
(N/ν)! = ν
∫ ∞
0
dt tν−1 e−t
ν
tN .
If we aept to permute the sum and the integral without wondering whether
they diverge or not, left and right parts of T an be formally summed:
l(T ) ∼ δ
∫ ∞
0
dt
t
e−(t/Z)
γ−tδ (t/Z)α and r(T ) ∼ γ
∫ ∞
0
dt
t
e−t
γ−(Zt)δ tα
The link between left and right parts of T omes from a simple hange of variable
in the integral:
γ l(T ) ∼ δ r(T ). (10)
The analytial properties of l and r as funtions of Z are the one of multi-valued
funtions. It has also to be noted that, depending on the values of γ, α and δ,
the integral expression does not always make sense as onditions on its existene
might not be satised. Nevertheless, as γ and δ are positive integers, only a
stritly negative value for α an make the integral diverge around t = 0. If this
situation ours, then the rst terms of the expansion l(T ) and r(T ) (in respe-
tive powers of Z−γ and Zδ) will not be inorporated in the integral expression.
As only a nite number of terms are onerned, this will be a ompliation but
not an obstale to the summing of the series. The appliation of the method
given in the fourth setion will illustrate this situation.
The summation of T ∗A
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The summed expression for r(T ∗A) is now from (9):
r(T ∗A) ∼ γ ∑p−1i=0 Ai(ω) 1i!Zδi( ddZδ )i ∫∞0 dtt e−tγ−(ωZt)δ tα
∼ γ ∫∞0 dtt e−(t/ωZ)γ−tδ (t/ωZ)α ∑p−1i=0 Ai(ω) 1i! (−tδ)i
(11)
where one has suessively performed all the derivatives and then a hange of
variable. The rst expression has, by onstrution, the orret expansion in
powers of Zδ up to order p. The relation (10) between left and right parts of
T ∗A still holds as l and r are linear mappings:
γ l(T ∗A) ∼ δ r(T ∗A)
The formal manipulation performed to obtain the seond expression of (11) is
suh that its expansions around Z ∼ ∞ and Z = 0 will respetively identify to
γ
δ l(T ∗A) and r(T ∗A). This last point is ruial in the way it it guarantees that
the form of the left and right parts (the strong and weak oupling expansions)
will be properly reovered.
The appendix will onatenate the step by step expansion proedure to get an
extension and a sum from the knowledge of a p-order series and its signature.
The next setion will illustrate the method on the divergent perturbative series
of quantum mehanis in zero and one dimension.
IV. Appliations of the extension method
The extension method will now be applied to the ase of the zero dimensional
anharmoni osillator, whih happens to be a simple integral. It will then be
tested on the alulation of the ground state energy of the quantum mehanis
anharmoni osillator. These appliations will follow the extension proedure as
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it is onatenated in the appendix (the signature, the extension and the sum).
IV.1. The zero dimension anharmoni osillator
We onsider the following integral:
E(m,λ) =
√
2
∫ ∞
0
dx e−mx
2/2−λx4/4,
whih, when expanded in powers of λ/m2 gives rise to a divergent series.
The Signature:
A dimensional analysis on the base of the zero-degree homogeneity of the expo-
nential funtion gives:
[E] = [x] = [m−1/2] = [λ−1/4],
where m and λ are to be onsidered as the two parameters with a physial
dimension. Then E will expand both in powers of λ/m2 in the weak oupling
limit, and in powers of (λ/m2)−1/4 in the strong oupling limit:
E(λ) = m−1/2
∞∑
N=0
EN (
λ
m2
)N ,
E˜(λ) = λ−1/4
∞∑
N=0
E˜N (
m
λ1/2
)N .
Note that E(λ) is divergent and E˜(λ) is onvergent.
The signature in then given by (γ = 2, α = 1, δ = 4). Taking λ/m2 = Z4 and
m = 1, right and left expansions of suh an expression respetively rewrite as:
E =
∞∑
N=0
EN Z
4N
and E˜ = Z−1
∞∑
N=0
E˜N Z
−2N ,
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exhibiting a 2|1|4-signature.
Given the rst oeients of the right expansion, let us apply the extension
proedure to the rst order of this divergent series (now alled B):
B = B0 + B4Z
4 + . . .
where
B0 =
√
2
∫ ∞
0
dx e−mx
2/2 =
√
π
and
B4 = −
√
2
∫ ∞
0
dx e−mx
2/2 x
4
4
= −3
4
√
π.
We now need the transformation assoiated to the 2|1|4-signature:
Tn ==
(−1− n4 )!(−1 + 1+n2 )!
Ω
,
suh that:
T0 =
√
π and T4 = −3
4
√
π.
The rst two oeients of the uniform expansion (freed from its signature) to
be extended write:
A0 = T
−1
0 B0 = 1 and A4 = T
−1
4 B4 = 1.
The Extension:
The parameter ω has to satisfy the equation:
A1(ω) = −1 + 1
ω4
⇐⇒ ω4 = 1
23
We have now all the neessary material to give an estimation of the whole sum,
given its rst two terms and its signature.
The Sum:
The rst order estimation of the integral through the extension proedure is
then:
2
∫ ∞
0
dt
1
Z
e−(t/Z)
2 −t4 ,
whih also writes (taking t =
√
mZ x/
√
2 and Z = (λ/m2)1/4):
√
2
∫ ∞
0
dx e−mx
2/2−λx4/4.
This an exat result.
As a matter of omparison: in the ase of the alulation of this integral,
the usual variationnal method with prinipal of minimal sensitivity happens to
provide a non-exat nite result from any of its p-order divergent expansion
[2, 4] while the extension method gives the exat result from the rst order of
perturbation. It is now straightforward to notie that any integral of the form:
∫ ∞
0
dx xα−1 e−x
γ −Zδxδ
will also be exatly estimated form its rst order of expansion in powers of Zδ
using the extension proedure. This lass of integral an thus be onsidered as
anonial regarding the extension method.
IV.2. The ground state energy of the anharmoni osillator
The development of the vauum energy E of the anharmoni osillator of quan-
tum mehanis is known to be divergent when expanded in powers of the ou-
pling onstant λ. Many papers tried with suess to deal with this divergent
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series, sometimes with high level of auray and/or omplexity [3, 7, 10, 11].
The Lagrangian of the model writes:
L(m2, λ) =
1
2
(∂tΦ)
2 − 1
2
m2Φ2 − 1
4
λΦ4
A dimensional analysis of physial quantities gives:
[L] = 1 ; [t] = −1 ; [Φ] = −1/2 ;
[m] = 1 ; [λ] = 3 ; [E] = 1 .
The vauum energy for the free Lagrangian E(m2, λ ≃ 0) and its perturbative
orretions in powers of λ are omputable, but one an also imagine another
perturbative expansion in powers of m2 around the free Lagrangian L(m2 ≃
0, λ). This latter strong oupling expansion, although proved to exist and be
onvergent [9], is not omputable with the usual tehnique of perturbation as
one annot solve the free equation. Nevertheless, from dimensional analysis, we
know that these two expansions respetively write:
E(λ) = m
∞∑
N=0
EN (
λ
m3
)N
for the divergent expansion around λ = 0 and,
E˜(λ) = λ1/3
∞∑
N=0
E˜N (
m2
λ2/3
)N
for the onvergent expansion around m2 = 0 (or λ ∼ ∞).
Without loosing any dimensional information, one an get rid of frational pow-
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ers writing λ/m3 = Z3 and m = 1, then:
E =
∞∑
N=0
EN Z
3N
and E˜ = Z
∞∑
N=0
E˜N Z
−2N
Considering both these series as right (E) and left (E˜) parts of the same objet
we an reognize an extension with 2| − 1|3-signature.
We an now use the extension proedure to sum the known divergent expansion
of E to a nite order p on the grounds of a 2|−1|3-signature (γ = 2, α = −1, δ =
3). The perturbative series of the ground state energy E to be extended will be
alled B. A systemati proedure omputes the oeients of the ground state
energy (B3n) [12]:
B =
1
2
+
3
16
Z3 − 21
128
Z6 +
333
1024
Z9 − 30885
32768
Z12 +
916731
262144
Z15 + . . .
Left and right parts of its extensions are to be respetive approximations of
3
2 E˜
and E.
IV.2.1. The hoie of the best root
The searh for a p-order T -extension goes through the hoie between p roots
of Ap(ω): ω1, ω2, . . , ωp . The disussion of the setion II.3 suggests to onsider
the root whih is as lose as possible to another one of the same order (a similar
omparison with the preeding order roots reveals to be equivalent). In order
to measure this property of a given root ωi to be lose to one or several other
roots of the same order, we introdue its weight :
weight(ωi) =
∑
j 6=i
1
(ωj − ωi)2
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The following array will give the roots of Ap(ω) for p = 2, 3, 4, and 5 together
with their weights (in brakets):
p ωi (weight)
2 1.062 (191) 1.135 (191)
3 1.053 ± 0.061i (113) 1.189 (90)
4 1.043 ± 0.102i (135) 1.071 (216) 1.236 (79)
5 1.034 ± 0.14i (135) 1.073 ± 0.033i (355) 1.279 (71)
For every order, the root assoiated to the biggest weight are underlined (the
hoie for the underlined root of the seond order is arbitrary as both of them
have the same weight).
As Ap(ω) is in fat a polynomial in powers of 1/ω3, it has p triplets of roots. is
why we deided to onsider only one root in eah triplet: the one lying around
the real axis. This hoie will not aet the right part of the extension.
In order to test our seleted roots, a similar array will show the related
estimations for the forthoming term of the series (as the p-order T -extension
provides an estimation for the known value of B3p+3). The estimations assoi-
ated to the hosen roots will be underlined and the last olumn will show the
exat value:
p B3p+3 (est.) B3p+3 (exact)
2 0.3223 0.3211 0.3252
3 −0.9411 ± 0.0035 −0.9552 −0.9425
4 3.5034 ± 0.008 3.4948 3.4269 3.4970
5 −15.6620 ± 0.0049 −15.6165 ± 0.0034 −16.2018 −15.6208
The relative preision on the results in the omplex plane for the hosen roots
for respetive orders p = 2 to 5 are 9. 10−3, 4. 10−3, 6. 10−4 and 3. 10−4
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As far as I know, the riterion governing the hoie for the best root still works
systematially for higher orders of perturbations.
IV.2.2. The vauum energy in the strong oupling limit
The vauum energy of the massless theory identies to its strong oupling limit:
λ1/3E˜0 where E˜0 is approximated by
2
3B1. One an verify that the hoie for
the best root made earlier still holds. The following array shows the estimated
values and their relative preisions ompared to a known value [11] of E˜0 for
order p = 1 to 5:
p 23B1
1 0.420139 (2. 10−3)
2 0.4205216 (1. 10−3)
3 0.4208109± 0.0000952 (2. 10−4)
4 0.4207976 (2. 10−5)
5 0.4208087± 0.0000033i (1. 10−5)
E˜0 0.4208049 (exat)
The auray obtained for the rst order (where only the two rst terms of B are
involved) is remarkably high (0.2%) and inreases with the order of perturbation.
We ould also hek that the hoies for the best roots systematially hold for
all the oeients Bn, and also for the sum itself.
IV.2.3. The summation for nite oupling
We also dispose of an analytial expression of the vauum energy in the ase of
a nite oupling (for any value of λ = Z3 and m = 1). In order to ompute
numerially this integral, the zeroth order term in powers of Z3 of the integrant
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of the right sum (whih we know to orrespond to 1/2) will have to be extrated
from the integral as it is not summable around t = 0. As an example, we give
the analytial expression of the rst order estimation for E(λ):
E(λ) ∼ 1
2
+ 2
∫ ∞
0
dt
t2
e−t
2
(e−λ(̟t)
3 − 1) −1
4
√
π
.
where ̟ ≃ 1.09954.
The following arrays show an estimation of E(λ) for λ = 2, 4 and 8 to be
ompared with the exat value [10, 11]. The orresponding relative preisions
are in brakets.
p λ = 2
1 0.6957043 (7. 10−4)
2 0.6950365 (2. 10−4)
3 0.6951801± 0.0000363i (6. 10−5)
4 0.6961732 (3. 10−6)
5 0.6961768± 0.0000008i (1. 10−6)
E(2) 0.6961758 (exat)
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p λ = 4
1 0.8030005 (1. 10−3)
2 0.8035264 (3. 10−4)
3 0.8037776± 0.0000698i (8. 10−5)
4 0.8037655 (6. 10−5)
5 0.8037727± 0.0000019i (4. 10−5)
E(4) 0.8037707 (exat)
p λ = 8
1 0.9504142 (1. 10−3)
2 0.9501856 (4. 10−4)
3 0.9505784± 0.0001160i (1. 10−4)
4 0.9515597 (1. 10−5)
5 0.9515723± 0.0000034i (5. 10−6)
E(8) 0.9515685 (exat)
As expeted, the seleted roots provide systematially the best approximations,
whih reveal to improve greatly with the order of perturbation.
One an also test suessfully the proedure on other observables of the model,
suh as the mean value of < Φ2 > or the exited states of energy. The same
relative preisions is ahieved in these alulations.
Eventually, one an reasonably expet the method to work as well for any
x2N potential in one dimension quantum mehanis.
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V. Conlusion
This paper does not provide any proof of the onvergene of the extension
method despite the logi inherent to its onstrution. Nevertheless, in the ase
of the anharmoni osillator, it reveals to have a highly preditive power for all
positive values of the oupling onstant. It also makes a ruial and automati
link between weak and strong ouplings and provides an analytial expression
for the sum of some divergent perturbative series.
Regarding the problems of divergenes arising from quantum mehanis and
more generally from domains of physis faing divergent expansions involving
two physial parameters, the method exposed here, besides its simpliity, has
the advantage to be systemati. It is also hoped to provide an exellent approx-
imation of a physial quantity (for any value of the oupling onstant) from the
rst perturbative orretion. It opens perspetives for eld theories where only
lower orders of perturbative orretions (expeted to be divergent) are available.
The power of the method obviously omes from our ability to take into
aount physial information about dimensional quantities. If we want to make
it eient for more omplex models, or prove that other lasses of series suits the
method, we will have to extend it to models involving more than two physial
parameters. To do so, we will manage to exhibit, in the same spirit as in this
work, onstraints arising from dimensional information. This will be the subjet
of a seond part of this work to be published.
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Appendix: the extension proedure
Given respetive left an right forms of expansions:
∞∑
n=0
B−α−γnZ
−α−γn
and
∞∑
n=0
Bδn Z
δn ,
We now summarize the method developed in this paper to estimate the value
to be assoiated to the known divergent trunated series:
p∑
n=0
Bδn Z
δn .
The Signature:
We are in the general ase of a γ|α|δ-signature, the assoiated transformations
is:
Tn =
(−1− nδ )!(−1 + α+nγ )!
Ω
.
The Expansion:
Aδn = T
−1
δn Bδn 0 ≤ n ≤ p
Ai(ω) =
∑i
n=0
i!
n!(i−n)! (−1)n−i Aδnωδn 0 ≤ i ≤ p
Ap(ω) = 0 ⇒ ω = ̟
An = ω
n
∑p−1
i=0
n!
i!(n−i)!A
i¨(̟) n ∈ Z
Bn = TnAn n ∈ Z
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The Sum:
∞∑
n=0
A−α−γn Z
−α−γn ∼ γ
∫ ∞
0
dt
t
e−(t/̟Z)
γ−tδ (t/̟Z)α
p−1∑
i=0
Ai(̟)
1
i!
(−tδ)i .
whih an also be written:
∞∑
n=0
AδnZ
δn ∼ γ
∫ ∞
0
dt
t
e−t
γ−(̟Zt)δ tα
p−1∑
i=0
Ai(̟)
1
i!
(−(̟Zt)δ)i .
The Weight:
Between {ω1, ω2, ..., ωp} roots of Ap(ω), ̟ is the one with the biggest weight:
weight(ωi) =
∑
j 6=i
1
(ωj − ωi)2
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